Abstract. The loss of conformal invariance in Efimov physics is due to the merger and disappearance of an infrared and an ultraviolet fixed point of a three-body renormalization group flow as the spatial dimension d is varied. In the case of identical bosons at unitarity, it is known that there are two critical dimensions d1 = 2.30 and d2 = 3.76 at which there is loss of conformality. For d < d1 and d > d2, the beta function of the three-body coupling has real roots which correspond to infrared and ultraviolet fixed points. The fixed points merge and disappear into the complex plane at the critical dimensions d1 and d2. For d1 < d < d2, the beta function has complex roots and the renormalization group flow for the three-body coupling constant is a limit cycle.
Introduction
In relativistic systems, the conformal symmetry group includes Poincaré symmetry and continuous scaling symmetry as subgroups. From the renormalization group (RG) perspective, scale invariance in any system arises at the fixed points of a RG flow. A general mechanism for the loss of conformal invariance in the system is the merging of an infrared (IR) and an ultraviolet (UV) fixed point and their disappearance into the complex plane as an external parameter is varied [1] . In nonrelativistic systems with short-range interactions, Efimov discovered that the spectrum of a three-body system can have a sequence of infinitely many shallow three-body bound states with an accumulation point at the three-body threshold [2] . This phenomena is called the Efimov effect. In the case of identical bosons in three spatial dimensions, the spectrum of Efimov states reflects a discrete scaling symmetry with discrete scaling factor e π/s0 ≈ 22.7, where s 0 = 1.00624.
In this article, we use the RG perspective to explicitly show how the loss of conformal invariance happens in Efimov physics in the case of identical bosons as the spatial dimension d is varied. We discuss briefly the fixed points in the twobody sector in Section 2. In Section 3, we discuss the fixed points and the loss of conformal invariance in the three-body sector in more detail. We summarize our results in Section 4.
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In three spatial dimensions, the low-energy scattering of two nonrelativistic particles with short-range interactions is characterized by the s-wave scattering length a only. The zero-range limit is defined by taking the range of interaction to zero with the scattering length a held fixed. In the unitary limit defined by a → ±∞, the two-body system is scale invariant. From the RG perspective, scale invariance arises at zeros of the beta function, which correspond to RG fixed points.
We consider the behavior of identical bosons in the zero-range limit in d dimensions. We use the effective field theory (EFT) of Bedaque, Hammer and van Kolck (BHvK) that was used to calculate the behavior of three identical bosons in three spatial dimensions [3] . This EFT has a dynamical field ψ and an auxiliary diatom field ∆. The BHvK Lagrangian density is
where g 2 and g 3 are the bare two-body and three-body coupling constants. The perturbative expansion of the off-shell two-body scattering amplitude in powers of g 2 is UV divergent. It can be regularized by imposing a cutoff Λ on the loop momenta. The bare coupling g 2 must depend on the cutoff Λ to exactly compensate for the Λ dependence in the two-body amplitude. The explicit dependence of the two-body coupling g 2 on the cutoff Λ is given in Eq. (5) of Ref. [4] . We define a dimensionless two-body couplingĝ 2 bŷ
In terms of the dimensionless couplingĝ 2 , the RG equation is
The β function defined by the right hand side of the above equation has zeros at g 2 = −1 andĝ 2 = 0, which are an IR and a UV fixed point of the RG flow. The IR fixed point corresponds to the trivial non-interacting limit, whereas the UV fixed point corresponds to the non-trivial unitary limit. There are scale-invariant interactions in the two-body sector at the UV fixed point.
Three-body Sector
Discrete scale invariance in Efimov physics can be associated with an RG flow governed by a limit cycle [3] . The RG equation for the three-body coupling g 3 was first derived by Braaten and Hammer in d = 3 in Ref. [5] . The RG equation for g 3 in d spatial dimensions was derived by us in Ref. [4] . The detailed derivation of the results in this section are given in Ref. [4] . The dependence of the three-body coupling g 3 on the UV cutoff Λ can be determined from the off-shell atom-diatom amplitude. In the center-of-mass frame, the atom-diatom amplitude is a function of the incoming and outgoing relative momenta p and k and the total energy E. It satisfies the Skorniakov-TerMartirosian (STM) integral equation [6] , which is given explicitly in Eq. (14) of Ref. [4] . The integral equation involves a dimensionless three-body couplinĝ
In the limit Λ → ∞, the solutions to the STM equation depend log-periodically on the cutoff Λ. The dependence of the three-body coupling g 3 , or equivalently the dimensionless couplingĜ, on Λ can be determined by demanding that the solutions to the integral equation are well behaved in the limit Λ → ∞. Sincê G is the only coupling in the integral equation, the β function forĜ can only depend onĜ. The RG equation for the dimensionless couplingĜ is
where s 2 is a function of dimension d that satisfies a transcendental equation:
The transcendental equation has infinitely many branches of solutions for s 2 as a function of d, but the physically relevant branch is shown in Fig. 1 . At d = 3, the value of s 2 is −s 2 0 , where s 0 = 1.00624 determines the discrete scale factor e π/s0 of Efimov physics. There are two critical dimensions for which Eq. (6) is satisfied for s 2 = 0:
These lower and upper critical dimensions for the Efimov effect were first derived in Ref. [7] .
In the regions d < d 1 and d > d 2 , the value of s 2 is positive. The β function in Eq. (5) for the dimensionless couplingĜ has zeros atĜ + andĜ − , which correspond to a UV and an IR fixed point of the RG flow:
As d approaches d 1 from below and d 2 from above, the value of s approaches 0, so the two fixed points approach −1.
In the region d 1 < d < d 2 , the value of s 2 is negative. The β function forĜ has complex zeros, which implies that there are no fixed points. The RG flow forĜ is instead governed by a limit cycle:
where Λ * is a constant momentum scale and s 0 = √ −s 2 . The expression forĜ in Eq. (9) is a log-periodic function of cutoff Λ with period e π/s0 . At unitarity, the two-body sector is scale invariant (ĝ 2 = −1), but the three-body sector has discrete scale invariance with discrete scaling factor e π/s0 .
Summary
In this work, we explicitly showed how conformality is lost in Efimov physics in the case of identical bosons as the spatial dimension d is varied. There are critical dimensions d 1 = 2.30 and d 2 = 3.76 at which conformality is lost [7] . 
